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MESSAGE FROM THE PRESIDENT OF ISMAR

As I approach the half-way mark in mj' term
of three years as President of ISMAR, I am very
happy to accept the Editor's invitation to write a
message to members of the Society and to sub-
scribers and readers of the Bulletin.

First of air I want to let you know that the
date and location of the next ISMAR Conference
has been fixed by the Council. It will be held at
the Hotel Gloria, Rio de Janiero, 29 June - 5
July 1986, and will be organized by Dr. Ney
Vernon Vugman from whom further information
may be obtained. His address is Dr. N.V. Vug-
man, Institute de Fisica, Universidade Federal
de Rio de Janiero, Cidade Universitaria, Bloco A
- CCMN, Rio de Janiero 21945, Brazil. We hope
you will plan to be there and help to make this a
really successful international magnetic reso-
nance meeting.

Now let me turn to some domestic matters.
At the last ISMAR meeting in Chicago in August
1983, a new ISMAR Constitution was pre-
sented to the Council and to a Business Meeting
of the Society, who both approved it with minor
amendments. It was then circulated to the whole
membership for ballot by mail, and was over-
whelmingly approved. At the same time a list of
candidates for the various offices and for the
Council was circulated for election by mail ballot.
The following officers were elected: President: E.
R. Andrew, Vice-President: C. P. Slichter, Secre-
tary-General: D. Fiat, Treasurer: C.P. Poole. A
full list of Council members elected appears at
the front of the Bulletin. Those elected assumed
office in January 1984. In recognition of his
special contributions to the establishment of the
Society, Professor Daniel Fiat was accorded in
the Constitution the personal office of Founding
Chairman.

The Secretary-General maintains the records
of the Society and any questions concerning
membership and general information should be
addressed to him (Professor D. Fiat, E-207 MSA,
University of Illinois Medical Center, P.O. Box
6998, Chicago, Illinois 60680, U.S.A.).

The Treasurer looks after the finances of the

Society and deals with dues and Bulletin sub-
scriptions. The Society has opened a bank
account in Columbia, South Carolina, where the
Treasurer lives. A certified public accountant in
Columbia has been appointed to carry out an
annual audit of the Society's accounts. Any
questions concerning dues and Bulletin subscrip-
tions should be addressed to the Treasurer
(Professor C.P. Poole, Department of Physics,
University of South Carolina, Columbia, S.C.
29208 U.S.A.).

Between the triennial meetings of the Society
the Council carries out its business by corre-
spondence. I write to Council members four
times a year and I am most grateful for their
advice.

The Society's journal, Bulletin of Magnetic
Resonance, is prospering under the energetic edi-
torship of Professor David Gorenstein. He is
shortly moving to a new appointment in the
Department of Chemistry at Purdue University
and will continue to edit the Bulletin from there.

As we look to the future, the next ISMAR
triennial meeting after Rio de Janiero will be
held in 1989. It will be recalled that previous
international magnetic resonance meetings have
been held in Tokyo (1965), Sao Paulo (1968),
Melbourne (1969), Israel (1971), Bombay (1974),
Banff (1977), Delft (1980) (jointly with the
Groupement Ampere), Chicago (1983). Any
members who have suggestions for 1989 or
about any other aspect of the Society's activities,
should write to me at the address below.

Finally I send my cordial greetings to all
members of ISMAR and my best wishes for your
life and work.

Raymond Andrew
President, ISMAR

Department of Physics
University of Florida

Gainesville, Florida 32611
U.S.A.
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NINTH WATERLOO NMR
SUMMER INSTITUTE

ADVANCES IN
NUCLEAR MAGNETIC RESONANCE

JUNE 10-17,1985
Lectures will be held on nuclear spin thermodynamics, r.f. pulse technology, two
dimensional NMR, double resonances, multiquantum NMR, quadrupole NMR, spin
polarization spectroscopy, and on applications in biophysics, chemical physics and
solid state physics. On Saturday, June 15 there will be a NMR Imaging Symposium.

Invited Speakers
P. Allen (Edmonton), R. Andrew (Gainsville, Fl.),
R. Armstrong (Toronto), P. Beckmann (Bryn Mawr
Penn.), R. Blinc (Ljubljana, Yugoslavia), M. Btoom
(UBC, Vancouver), E. Burnell (UBC, Vancouver),
S. Clough (Nottingham, England), F. Conti (Rome,
Italy), W. Doane (Kent, Ohio), R. Dong (Brandon, Ma.),
D. Edmonds (Oxford), D. Gorenstein (Chicago),
R. Griffin (MIT), E. Hahn (Berkeley). J. Jeener
(Bruxelles, Belgium), K. Jeffrey (Guelph), R. Kaiser
(UNB, Fredericton), P. Lauterbur (Stony Brook, N.Y.),
I. Lowe (Pittsburgh, Penn.), A. Pines (Berkeley),
P. Mansfield (Nottingham, England), M. Mehring
(Stuttgart, FRG), K. Packer (Norwich, England),
H. Peemoeller (UNB, Fredericton), M. Pintar (Waterloo),
C. Poole (S. Carolina), L. Reeves (Waterloo),
B. Sanctuary (McGill), I.C.P. Smith (NRC, Ottawa) and
J. Stankowski (Poznan, Poland). Some speakers have
not confirmed their participation.

For the instructions during the first and second week
only 4th year quantum mechanics will be assumed. For
the advances in NMR (third week) it is expected that
graduate students and younger researchers with a basic
familiarity with the field will benefit most. The number of
participants will be limited to 90. A single room with
breakfast daily will cost $24 Can. per day. For the first
two weeks students add a $20 Can. fee, non-students
$60. For the advances in NMR (third week) students add
a $40 Can. fee, non-students $120- If registering after
May 23 please add $30 Can. to cover late registration
expenses. Applications and inquiries about the full
programme, registration, board and lodging should be
forwarded to:

Summer School in Basic NMR
May 27-June 7,1985
An introductory course on NMR will cover basic theory,
magnetic dipolar broadening in rigid lattices, spin-
lattice relaxation, experimental methods and spectrome-
ter design. This course will be taught by D. Nicoll and
M. Pintar during the first week. Following will be a week
of introductory review lectures on NMR concepts (den-
sity matrix, spin temperature, quadrupole interaction)
and applications (membranes, phase transitions, liquid
crystals, biological activity, NMR of mammalian tissues,
NMR imaging, topical NMR, instrumentation fine tuning
and others). The reviews will be given by R. Armstrong
(Toronto), G. Chidichimo (U Calabria, Italy), J. Davis
(Guelph), R. Kind (Zurich, Switzerland), E. Fukushima
(Los Alamos), K. Jeffrey (Guelph), R. Lenkinski
(Guelph), F. Prato (U of Western Ontario), W. Sobol
(Silesian U, Poland), R. Thompson (U of Western
Ontario).

Le materiel couvert pendant les deux premieres
semaines necessite I'equivalent du cours de mecanique
quantique de 4e annee. II est prevu que la section con-
cernant les progres en RMN (3e semaine) profitera sur-
tout aux etudiants gradues et aux nouveaux venus
possedant une connaissance de base du domaine. Le
nombre de participants sera limite a 90. Une chambre
simple avec petit dejeuner sera disponible au cout de
24$ Cdn. par jour. Pour les deux premieres semaines,
prevoir un cout supplemental de 20$ Cdn. pour
etudiants, et 60$ pour autres. Pour la 3C semaine,
ajouter 40$ Cdn. de frais pour etudiants, et 120$ pour
autres. Pour les inscriptions en retard (apres le 23 mai),
ajouter 30$ Cdn. pour couvrir les frais d'administration
supplementaires. Faire parvenir applications et toutes
questions a:

Cathy Walmsley, Admin. Director
NMR Summer Institute
Department of Physics
University of Waterloo, Waterloo
Ontario, Canada N2L3G1
Tel. 519-885-1211, Ext. 6238



STOCHASTIC NMR SPECTROSCOPY

Bernhard Blumich

MPI fiir Polymerforschung
Postfach 3148
6500 Mainz

Federal Republic of Germany

I. Introduction

II. General Perspectives
A. History of Stochastic NMR
B. Related Research

III. Perturbative Descriptions of Nonlinear Systems
A. Volterra Series
B. Wiener Series
C. Cross-Correlation
D. Symmetry
E. Time-Dependent Perturbation Theory
F. Frequency Domain Analysis

IV. Theory of Stochastic NMR
A. Interpretation of Kernels
B. Simulated Spectra

V. Practice of Stochastic NMR
A. The Experiment
B. Data Evaluation

VI. Developments in Stochastic Resonance
A. Time Resolved CIDNP Spectroscbpy
B. NMR Imaging
C. Stochastic ENDOR
D. Outlook

References

Page
5

6
6
9

10
10
10
11
12
12
13

14
14
16

19
19
19

21
21
22
22
22

23

Z. INTRODUCTION

Among the different forms of spectroscopy,
nuclear magnetic resonance (NMR) shows an
intimate connection between theory and experi-
ment. NMR therefore enjoys great popularity in
the development of new methods. Following the
rapid development in electronic and computer
technology, NMR techniques evolved from single-
channel to multi-channel and multi-dimensional
modes. The original continuous wave (CW)
method (1-3) was extended to two dimensions

with the introduction of double resonance (4-6).
The CW techniques were replaced by corre-
sponding multi-channel methods because of sig-
nal-to-noise improvements resulting from broad-
band excitation. The routine NMR methods are
now one-dimensional (ID) (7,8) and too-dimen-
sional (2D) (9-13) Fourier transform (FT) spec-
troscopy. The excitation energy is focused into a
few pulses per experiment and the spectrum is
computed from the experimental data by ID or
2D Fourier transformation.

A conceptually more difficult method is
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stochastic NMR (14,15). It employs a random
excitation, which continuously supplies excitation
energy and leads to significantly reduced input
power. Again, the excitation spectrum is char-
acterized by a broad frequency range, but the
frequency components do not exhibit a well
defined phase relationship. Sensitivity and reso-
lution can be optimized separately in stochastic
NMR.

An abstract representation of a stochastic
NMR experiment is given in Figure 1. A nonli-
near system is investigated which responds to an
input signal x(t) with an output signal y(t). In

Figure 1. System analytical abstraction of sto-
chastic NMR. The magnetic spin system is
excited with radiofrequency noise x(t) and
responds with transverse magnetization y(t).

the experiment, records of both signals are
acquired. The NMR spectrum is derived from
the experimental data by extensive numerical
data manipulation involving correlation of exci-
tation and response records. Multi-dimensional
cross-correlation leads to multi-dimensional spec-
tra, which display information similar to 2D FT
spectra (16-19).

Section II reviews the historical development
of stochastic NMR spectroscopy and relates the
technique to methods in other fields of science.
Section i n summarizes the relevant background
on nonlinear system analysis. The theory of
stochastic resonance is interpreted in Section IV
in terms of pulse sequences for multi-dimensional
FT spectroscopy and illustrated by theoretical
spectra. The practical aspects of stochastic NMR
are covered in Section V. Some future trends
are indicated in Section VI.

II. GENERAL PERSPECTIVE

A. History of Stochastic NMR

The idea of stochastic NMR can be traced to
a paper by Primas (20) in 1961 on quantum
mechanical systems with a stochastic

Hamiltonian operator in extension to Kubo's
theory of fluctuation and dissipation (21-23). The
standard approach to relaxation requires that
the response of a driven quantum mechanical
systems is iteratively expanded into a perturba-
tion series (24). The different order terms of this
series are defined by the powers of the perturb-
ing Hamiltonian. In the field of nonlinear system
analysis such a series expansion is called a Vol-
terra series (25). It serves to define the nonlinear
impulse response or after effect functions. The
Fourier transforms of the after effect functions
are called transfer functions, generalized admit-
tances, susceptibilities, or multi-dimensional spec-
tra.

For the description of nonlinear systems, a
Volterra expansion is of limited value only, since
it often diverges. However, for a white noise
perturbation with a Gaussian probability distri-
bution, Wiener has shown that the system
response can be expanded into a simple conver-
gent series with orthogonal functionals (26). The
different order terms of the Wiener series are not
defined by the power of the perturbation, but its
leading terms agree with the Volterra series.
Consequently the terms of both expansions have
a number of properties in common. The Wiener
series has found widespread use in science,
because 1) according to Wiener, white noise is
the most general test signal for the analysis of
nonlinear systems, and 2) the nonlinear after
effect functions are accessible via multi-dimen-
sional cross-correlation of input and output
records (27).

Primas has established a basis for the noise
analysis of nonlinear systems in quantum
mechanics by expanding the response of a quan-
tum mechanical nonlinear system into a Wiener
series. The first application of his theory to
nuclear magnetic resonance systems followed in
1963 by Ernst and Primas (28) with a paper on
NMR with stochastic high frequency fields. It is
based on Ernst's thesis (29) and investigates
double resonance with a strong stochastic per-
turbation. A comparative evaluation of the sto-
chastic double resonance method led to the intro-
duction of broad band noise decoupling in 1966
(30).

The first pure stochastic NMR data, how-
ever, did not appear until 1970, when Ernst and
Kaiser independently reported their experiments
in two succeeding papers in the Journal of Mag-
netic Resonance (14, 15). Ernst used shift regis-
ter generated binary phase modulation of the
radiofrequency (rf) input, while Kaiser modu-
lated the magnetic field with Gaussian probabil-
ity. In either case the systems were driven li-
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nearly such that nonlinear response terms could
be neglected.

HNARY PSEUDORANDOM SEQUENCE

STOCHASTIC RESPONSE

unperturbed thermodynamic equilibrium state.
An interesting application of stochastic reso-

nance to solvent line suppression was demon-
strated by Tomlinson and Hill in 1973 (32). A
continuous string of radiofrequency pulses is
synthesized by inverse Fourier transformation
such that the excitation spectrum fits a prede-
termined pattern with zero intensity at the loca-
tions of solvent lines. In the same paper different
rf modulation schemes are evaluated. Two basic
approaches to modulate the flip angles in a
string of successive pulses are feasible (Figure

a—D- •0—

Figure 2. Binary excitation pulse sequence (top)
and corresponding stochastic response (bottom)
of the *' F resonance of 40 vol. %
2,4-difiuorotoluene at a frequency of 56.4 MHz.
Cited with permission from ref. (14). T~nnr

Figure 2 illustrates the input and output sig-
nals of Ernst's experiment (14). The excitation
record (top) is a binary set of flip angles and the
response record (bottom) is the resulting trans-
verse magnetization. One-dimensional spectra
were obtained on a digital computer from com-
plex multiplication of excitation and response
spectra. This data evaluation scheme is equiva-
lent to one-dimensional cross-correlation of exci-
tation and response records and subsequent
Fourier transformation. The two papers showed,
that in comparison with pulsed FT NMR, sto-
chastic resonance
1) has the same sensitivity;
2) allows an independent optimization of sensi-
tivity and resolution in contrast to pulsed FT
NMR (31);
3) reduces the problems in the receiving elec-
tronics associated with the large dynamic range
of impulsive signals;
4) reduces the peak excitation power such that
wider dynamic ranges may be covered;
5) admits coherent averaging of the system
response in connection with cyclic excitation;
6) will exhibit different saturation features. In
particular, the nonlinear response will involve
double resonance effects;
7) investigates the spin system in dynamic equi-
librium with the excitation and not the

I I I I
TIME

Figure 3. Timing diagram of the excitation
sequence. The spin system is excited by a con-
tinuous string of equally spaced pulses with
either amplitude modulation (a) or pulse width
modulation (b). The receiver (c) is turned off for
a constant time period centered about each pulse.
The signal from the receiver is sampled (d) by an
analog-to-digital converter just before the
receiver is blanked for each pulse. Cited with
permission from ref. (32).

3). Either the amplitude at constant width or the
width at constant amplitude can be varied. A
negative flip angle is realized by a 180° rf phase
shift. In the first case a double balanced mixer is
employed, but the conditions for linear operation
are rather critical. Pulse width modulation
requires a slightly more complex timing sequence
in order to center the pulses at equidistant time
intervals, but it is insensitive to mixer and
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amplifier nonlinearities. Thus, a nonlinear rf
amplifier can be used, which produces less noise
while the pulses are off. To avoid rf leakage
problems the receiver is blanked (33) for con-
stant time intervals, which are centered at the
pulse midpoints. The magnetization is sampled
just before the receiver is blanked for each pulse.

Fourier synthesized excitation has also been
used for the observation of broad line transients
by multiple frequency modulation of a single
pulse (34). This method combines the observation
of a free induction decay of pulsed FT NMR with
low power broad band excitation similar to sto-
chastic NMR.

With application to solvent line suppression,
the method of correlation NMR spectroscopy was
introduced by Dadok in 1974 (35-37). The spins
are excited by a fast linear sweep, which gives
rise to spectral distortions of the linear response.
The undistorted spectrum is restored by cross-
correlation of excitation and response. The exci-
tation power spectrum covers a well defined
region and aliasing of response signals is
avoided. As in stochastic NMR, excitation power
requirements are low and spectra are computed
by cross-correlation.

The execution of a cross-correlation on a
digital computer is a rather time consuming pro-
cess. However, for certain pseudo random input
signals the linear cross-correlation can be
replaced by a fast transformation of the
response. This idea has been realized in Hada-
mard NMR spectroscopy. The method was sug-
gested by Ziessow (38) and introduced indepen-
dently by Ziessow (39) and Kaiser (40). The
excitation is based on maximum length binary
sequences or m-sequences, which are generated in
m-stage shift registers (38, 39, 41). The output
of a shift register is a sequence of 2 m - 1 bits
(0,1) with a perfectly white power spectrum. The
values of the bits are used to shift the phase of
the rf excitation by +90 and -90 degrees,
respectively. Cross-correlation of the linear
response with such sequences is equivalent to
multiplication of the response with a Hadamard
matrix. For the multiplication a fast algorithm
exists (42), which, on account of the binary
nature of the m-sequences, is even faster than
the fast Fourier transformation.

The work reviewed so far has dealt with li-
nearly driven systems only, where the output is
proportional to the input. Ernst has pointed out
already in 1969 that the nonlinear response of
nuclear spin systems should yield information
similar to that obtained in multiple resonance
experiments (43). However, efforts to formulate
a theory of stochastic resonance, which correctly

describes the linear as well as the nonlinear sto-
chastic response encountered considerable diffi-
culty. Already the linear solution of the stochas-
tic Bloch equations produced unphysical results
(14). At this point a serious discrepancy between
the theory of stochastic differential equations
(44, 45) and physical reality was encountered.
While the Ito formalism of stochastic integrals is
mathematically more satisfactory, the Stratono-
vich interpretation gives the correct results. This
has been demostrated by Bartholdi, Wokaun
and Ernst in 1976 with a solution of the sto-
chastic Bloch equations in the rotating frame
(46, 47). In particular, the saturation behavior of
the linear response is predicted in agreement
with experimental data and an evaluation of the
line intensities for multispin systems is given. In
his thesis (46), Bartholdi also evaluates the
third-order nonlinear response of the Bloch equa-
tions in the rotating frame.

The nonlinear response of nuclear spin sys-
tems was investigated in a more empirical man-
ner by Blumich and Ziessow (13, 48). Starting
with an analysis of the characteristic saturation
lineshapes in Hadamard NMR spectroscopy, a
heuristic solution of the Bloch equations for arbi-
trary excitation was found in terms of a closed
expression for a Volterra series. After the advent
of 2D FT spectroscopy (9, 10) it was evident that
the nonlinear stochastic response should reveal
information similar to 2D NMR. Especially, the
indirect spin coupling should be detectable. Dif-
ferent experimental schemes were tried (18)
until the coupling information was indeed found
in terms of cross-peaks in a 2D spectrum, which
itself is a particular 2D cross-section through a
3D spectrum (49, 50). This cross-section not only
revealed cross-peaks for indirect coupling (18,
49, 51, 52) but also for chemical exchange (18,
49-51). The excitation in these experiments was
binary white noise, realized by a string of radiof-
requency pulses with binary random phase mod-
ulation (52). A theory for the interpretation of
the data was developed in the general language
of time-dependent perturbation theory (18, 19,
51). It led to a definition of multi-dimensional
spectra different from multiple pulse FT NMR
and was able to explain the origin of the connec-
tivity cross-peaks as well as the general linesh-
apes (19, 53). The characteristic saturation
behavior (16-18, 51), however, could not be
derived from it.

The general theory of stochastic NMR spec-
troscopy was developed by Kaiser and Knight
(54, 55) in 1982. It gives the exact solutions of
the density matrix equation of motion for cross-
correlations of arbitrary order with Gaussian
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white noise input. The theory insinuates to
interpret the generation of multi-dimensional
stochastic NMR spectra in terms of multiple
pulse sequences similar to those encountered in
multi-dimensional FT NMR. It explains how
J-coupling, multiple quantum transitions, chemi-
cal exchange, cross-relaxation and relaxation
times enter stochastic NMR spectra (19, 53, 56).
This information is acquired summarily in a sin-
gle stochastic experiment, because in contrast to
pulsed excitation, which can be tailored to focus
its energy on the measurement of specific effects,
white noise is the most general form of excitation
and thus is nonselective.

Recently, stochastic NMR has been tested on
a modern commercial high resolution spectrome-
ter (57, 58). It was demonstrated that for strong
samples the multi-dimensional information can
be derived from data acquired in less time and
stored in less memory volume than necessary for
the data of just one 2D experiment with compa-
rable resolution. The present state of stochastic
NMR will be reviewed in logical context in Sec-
tions IV and V.

B. Related Research

Apart from practical applications, stochastic
NMR is an excellent example for testing the
theories of stochastic differential equations (46,
47) and for studying the stochastic analysis of
nonlinear systems. Stochastic processes and sto-
chastic nonlinear systems are of great interest in
current research in physics, chemistry and biol-
ogy (59-62) and no attempt shall be made to
cover this vast field of research. Rather a variety
of fields is listed where stochastic nonlinear sys-
tem analysis is applied, such that the method of
stochastic NMR can be related to other research
activities.

Two general classes are distinguished: the
system response may be modulated either by an
externally applied random force or by equilib-
rium fluctuations in the system itself. In order to
gain insight into the properties of the system, the
response is cross-correlated with the input in the
first class, while in the second class the auto-cor-
relation of the response is formed.

1. Systems Investigated by Cross-correlation

The mathematical term cross-correlation can
be translated into popular English with the word
comparison. The cross-correlation function of
two signals shows characteristic peaks, when-
ever the signals are similar or alike. A compre-
hensive introduction to correlation methods in

chemical data measurement is given by Horlick
and Hieftje (63).

Cross-correlation has been utilized originally
for the detection of communication type signals
and signal filtering (64-66). In system analysis
the method was applied rather early for the
characterization of nuclear reactors (67, 68) and
electronic circuits (69). In analytical chemistry
new techniques evolved such as stochastic chro-
matography (70), stochastic faradaic admittance
measurements (71, 72), time-resolved fluorime-
try (73-76), and stochastic photolysis (77). In
biology, noise excitation is extensively used for
the study of neural networks (78, 79). Also, the
Hadamard transformation is applied in infrared
spectroscopy (80-82).

Often, an advantage of stochastic over pulsed
excitation is that the system is not driven far
from equilibrium. This advantage, however, does
not apply to NMR, since the nonlinear response
to a single pulse of arbitrary flip angle is propor-
tional to the linear response stimulated by a
vanishingly small pulse (48). Therefore the flip
angle can be optimized for maximum amplitude
of the linear response in NMR. A further advan-
tage of stochastic excitation is the time multi-
plexing of the input. Deviations from ideality of
the input are averaged out, as long as the mean
of the excitation is zero.

Typically most of the system analytical tech-
niques evaluate only the linear response, not
because the systems are all linear, but because
the linear response theory is best understood and
the experimental effort is relatively small. In the
study of electronic and neural networks often the
second-order response and rarely the third-order
response are evaluated as well. Stochastic NMR
is believed to be the first method which seriously
exploits the third-order response.

A method for the characterization of the
nonlinear response in rainfall-runoff processes
has been proposed in hydrology (83) with a
least-squares fitting procedure formulated
instead of the cross-correlation method. The
general theory of stochastic nonlinear system
analysis is covered in recent books by Marmar-
elis and Marmarelis (79), Schetzen (84), and
Rugh (85). Schetzen's book includes a historical
bibliography.

2. Systems Investigated by Auto-correlation

The auto-correlation of a signal measures the
coherence within the signal. For instance, if the
signal modulation arises from fluctuating mol-
ecules, the auto-correlation function reveals
information about the molecular motion (86, 87).
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Given the size of molecules, light is often used in
correlation spectroscopy (88-92). Other correla-
tion techniques extract chemical kinetic informa-
tion from fluorescence (93) and conductivity
attenuation (94-96) measurements. The latter
methods depend upon spontaneous fluctuations in
local component concentrations. The develop-
ment of auto-correlation methods shows great
promise for the study of kinetic phenomena at
equilibrium (63, 77).

/ / / . PERTURBATIVE DESCRIPTIONS OF
NONLINEAR SYSTEMS

A nonlinear system (Figure 1) transforms
the input signal x(t) into the output signal y(t) in
a nonlinear fashion. Since the details of the
transformation are unknown, the system
response is expanded into a series of the input.
The most popular expansions in nonlinear sys-
tem analysis are the Volterra (25) and the
Wiener (26) series. A similar expansion is known
in quantum mechanics by the name of time-de-
pendent pertubation theory (19, 51).

A. Volterra Series

The Volterra functional series (25, 97) has
been recognized by Wiener to be suitable for the
description of the input/output relation of nonli-
near systems (26). The output may be expanded
into a power series of the input:

yt(t) =Jk1(r)x(t-r)dT,

d r i '

x(t-r1)x(t-r2)x(t-r3)dT3dr2dr1 .( l)

Each expansion term is a function of the input
function. A function of a function is called a
functional The time dependence of the functio-
nals depends on the input as well as on the par-
ticular system. The system part reflects the me-
mory of the system. For instance, the free oscil-
lation of a pendulum in response to an impulsive
input demonstrates that while the response has
not completely relaxed, the system still memor-
izes the input. The memory time is given by the
damping constant of the free response. Most
systems encountered in real life have finite

memory and the impulse response dies away
with time.

For linear systems, the higher order respon-
ses yj, i > l are zero and the impulse response is
given by k.,. In NMR kt is the free induction
decay (FID). The functions kj are called kernels
in mathematics. The bar marks their invariance
against permutation of time arguments. The
number of arguments is specified by the index
and is equal to the order of the excitation product
in the functional. Since physical systems do not
anticipate an input, all kernels vanish if a time
argument assumes a negative value.

The input/output realtionship (eqn. 1) has
been formulated for time-invariant systems. For
time-dependent systems, the kernels also depend
on the time t. Complete knowledge of all kernels
entirely characterizes the system. In different
disciplines the kernels are called by different
names and often their Fourier transforms are
primarily referred to. The kernels are also
denoted as after effect functions or response func-
tions of different order. Their Fourier transforms
are known as nonlinear transfer functions, gener-
alized admittances, or susceptibilities, or as multi-
dimensional spectra. The denomination of the
kernel Fourier transforms as spectra is rather
old in theory of nonlinear systems (98, 99).
Recently, their relationship to the multi-dimen-
sional spectra encountered in FT NMR spectros-
copy has been elaborated (19). Remembering
that k, is the FID, it is obvious to NMR spec-
troscopists to call its Fourier transform a spec-
trum.

The Volterra series is an expansion in terms
of nonlinear convolutions. Though the concept is
formally appealing, the series is often found to
converge slowly or not at all. For simulation and
analysis of the system response an expansion
with good convergence properties is needed. Such
an expansion was derived by Wiener from the
Volterra series by orthogonalization of function-
als with respect to Gaussian white noise input
(26). Wiener has focused his attention on Gaus-
sian white noise, because 1) noise is the most
general test signal for nonlinear systems, and 2)
the orthogonal expansion assumes its simplest
form for a Gaussian input distribution. The
Wiener series can be shown to converge in the
least squares sense.

B. Wiener Series

The Wiener Series is an expansion of the
system response to zero mean Gaussian white
noise input into a set of orthogonal functionals.
An orthogonal expansion is advantageous

10 Bulletin of Magnetic Resonance



whenever the system response is to be approxi-
mated in the least-squares sense by a varying
number of functionals or if the kernels are to be
computed by multi-dimensional cross-correlation.
The Wiener series is derived from the Volterra
series by Schmidt orthogonalization of higher
order functionals with respect to the lower order
ones. Consequently the lower order Wiener ker-
nels involve parts of the higher order Volterra
kernels (79) and therefore depend on the_ input
power. Denoting the Wiener kernels by hj and
the second moment or power level of the Gaus-
sian white noise input by M2 , the first terms of
the Wiener series are given by (26, 27):

output records. Cross-correlation has become a
fundamental tool in the noise analysis of nonli-
near systems.

Unless two or more time arguments are
equal, the n'th order kernel is proportional to the
n'th order cross-correlation

_</y(t)x(t-a1 ) -x ( t -a n )d t =

(3)

The values of the cross-correlation for equal time
arguments depend on the particular distribution
function of the white noise input (18, 51, 79).

A multi-dimensional cross-correlation opera-
tion can be visualized in terms of a multiple

y,(t) =J>h1(T)x(t-r)dr )

y2( t)=/7h2(r1 , r2)x(t-T1) iX

x(t—T 2 )dr

00

M,/h2(r2,r

y3(t)=/J/h3(ri)T2,r3)x(t-r1)X

x(t—T2)x(t—T

2.
(2)

The coefficients of the terms in the Wiener
functionals are the coefficients in Hermite poly-
nomials (27). For zero mean white noise With
arbitrary distribution function the orthogonal
functionals up to third order are given in (18)
and (51). The power dependence of the Wiener
kernals is manifested in stochastic NMR spec-
troscopy by saturation broadening (16-18, 49,
51). For vanishing input power only the leading
term of each functional remains, and the Wiener
series approaches the Volterra limit.

C. Cross-correlation

The goal in system analysis is the determi-
nation of the kernels from input and output
records. Wiener originally proposed to expand
the kernels into a set of orthogonal functionals
and to determine the coefficients in a least-
squares fitting procedure (18, 26, 83). However,
Lee and Schetzen (27) showed in 1965 that the
Wiener kernels are most easily retrieved by
multi-dimensional cross-correlation of input and

x(t) nonlinear

system

delay Oj

y(t)

xjt-o,) J

Figure 4. Analog representation of a multi-di-
mensional cross-correlation.

delay averager (Figure 4). The input signal x(t)
is applied not only to the nonlinear system under
investigation, but also to a number of indepen-
dent time delay devices. The delayed input sig-
nals are multiplied with the system response and
the product is integrated over time.

An example for a ID delay averager is the
Michelson interferometer (88, 100), which forms
the basis of Fourier infrared spectroscopy. The
white input light is split into two beams. One
beam passes through the sample and the other is
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delayed by changing its path length with a mov-
able mirror. Multiplication and integration of the
two modified beams is achieved in a slow inten-
sity detector. The detector measures the square
of the sum or the two signals, which involves the
cross-product of interest. The integration time is
the detector response time, which is longer than
a period of the infrared signal by several orders
of magnitude. The time resolution of the inter-
ferometer is given by the resolution of the delay
o. Thus an analogue cross-correlator can achieve
high time resolution with slow devices. For slow
processes, such as NMR, input and output
records are sampled and the cross-correlation is
performed numerically on a digital computer.

D. Symmetry

In theory of nonlinear systems, kernels are
defined symmetric with respect to permutation of
time arguments. If an asymmetric kernel is
encountered, it can be symmetrized without
affecting the values of the functional simply by
averaging all kernels which arise from permuta-
tion of arguments (26)

(4)

In mathematics, symmetric kernels are pre-
ferred because there is only one symmetric ker-
nel for a given functional, but several asymme-
tric ones are possible. On the other hand, the
expansion used in conventional time-dependent
perturbation theory immediately leads to a Vol-
terra series with asymmetric kernels (19). The
n'th order functional is given by

(5)

(6)

Its kernel vanishes outside the interval

0 < T , =S T 1 •

Kernels with the definition range of eqn. 6
are sometimes called triangular kernels (85).
Such kernels obey the principle of causality in
the sense that the time arguments of the excita-
tion product in eqn. 5 render the excitation val-
ues distinguishable. By symmetrization the time
variables are permuted and identical definition
ranges are introduced. This artificially destroys
the time ordered sequence of stimuli. Stochastic

NMR is a good example of how spectral informa-
tion can be disguised by kernel symmetrization.
Nonetheless, symmetric kernels are useful
because their Fourier transforms can be com-
puted rather quickly at selected spectral regions.
To distinguish symmetric from triangular ker-
nels, symmetric ones are marked by a bar.

The different triangular kernels obtained by
permutation of arguments in eqn. 4 occupy dif-
ferent volume elements in multi-dimensional
time space. The sum of all volume elements fills
the entire time space. Symmetric as well as tri-
angular kernels can be derived from input and
output records by multi-dimensional cross-corre-
lation. For symmetric kernels the definition
ranges for the different delays are equal, while
for the computation of triangular kernels the
delays must be time ordered according to eqn. 6.
A particularity arises at the boundaries of the
triangular volume elements. If two or more time
arguments are equal, the corresponding excita-
tion values are indistinguishable and the trian-
gular kernel value is given by the value of the
symmetric kernel divided by the number of per-
mutations of indistinguishable time arguments
(19, 85).

E. Time Dependent Perturbation Theory

Iterative approximation of the solution of the
density matrix equation of motion leads to a Vol-
terra type expansion of a quantum mechanical
observable (19, 51). In spectroscopy the observ-
able is usually related to a sample polarization in
response to an electric or magnetic field. The
integration limits in the nonlinear perturbation
functionals are time ordered as in eqns. 5 and 6.
The resulting kernels are given in terms of mul-
tiple products of decaying exponentials which
oscillate with the energy level differences of the
unperturbed sample. The susceptibilities are the
Fourier transforms of these triangular kernels.
They are multiple products of Lorenzian lines,
for example

Hb a
( 1 )K) = (7a)

(7b)
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H» =
(8a)

X

In these equations, a measures the excitation
amplitude, / x is the x-component of the dipole
moment operator, P 0 is the equilibrium density
matrix, r is a phenomenological relaxation rate
and a,b,c,d number succeeding energy levels. In
the second- and third-order susceptibilities (eqns.
7b and 7c), w^a and wca resonate at sum and
difference frequencies of the input frequencies
« t , « 2 and « 3 . At resonance, the input frequen-
cies are single quantum transitions. Conse-
quently the higher order susceptibilities describe
multiple quantum transitions. They are respon-
sible for a wide range of frequency mixing phe-
nomena encountered in nonlinear optics
(101-105).

In contradistinction to NMR the optical wave-
lengths are small compared to typical sample
dimensions and the optical polarization is not
directly observed. The occurrence of sum and
difference frequencies in the optical response is
the result of scattering of induced sample polari-
zations. In NMR the wavelengths are large com-
pared to the sample dimensions and the nuclear
polarization is monitored directly. Sum and dif-
ference frequencies in the response can be
observed with appreciable intensity only if they
arise at a Larmor frequency.

(8b)

F. Frequency Domain Analysis

Numerical computation of cross-correlations
is extremely time consuming and becomes
largely impossible if kernels higher than second
order are to be evaluated. In spectroscopy, how-
ever, the Fourier transforms, not the kernels,
are of primary concern. These can be obtained
directly in the frequency domain by slicing the
experimental excitation and response records
into sample records xj(t) and yj(t) and Fourier
transforming each record. The resulting sample
spectra Xj^) and Y^(v) are multiplied and aver-
aged. From Fourier transformation of eqn. 3 one
obtains for first, second and third order (66, 106,
107)

Y2(v) =

3i<|X(v, )|2 jX(v 2)|= |X(v 3) |2

(8c)

where 2xv = «. The second moment has been
replaced by its frequency dependent estimate
M 2 = |X(v )|2. These formulas are valid only for
zero mean Gaussian signals (18,51).

The frequency domain technique yields
access to selected regions of a multi-dimensional
spectrum without having to compute the com-
plete multi-dimensional kernel. Since the spec-
tral regions of interest in NMR can be predicted
from the one-dimensional spectrum (eqn. 8a),
tremendous savings in computation times result.
The formulas for spectra of more than three
dimensions can be extrapolated from the given
ones, but no applications seem to have been pub-
lished. This is attributed to increasing computa-
tional complexity as well as to decreasing signal
strengths. For the computation of higher order
spectra the lower order responses must be sub-
tracted from the system response. Since in
practice the amount of experimental data is
finite, the different order spectra cannot be sep-
arated completely and the stronger signals of the
lower order spectra cross-talk into the higher
order spectra.

The frequency domain formulas yield the
symmetrized spectra Hn . By Fourier transfor-
mation of eqn. 4 they are recognized as the
average of all asymmetric spectra which result
from permutation of arguments (19)

(9)

In order to relate the signals within a selected
region of a symmetric spectrum to the different
asymmetric spectra, it has been proposed to
transform the part of interest of H n into the time
domain, select a triangular kernel element and
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back-transform it into the frequency domain
(56).

IV. THEORY OF STOCHASTIC NMR

The general theory of stochastic NMR with
Gaussian white noise excitation was formulated
by Kaiser and Knight (54, 55). By converting the
Bloch equations into an integral eqluation, the
previous method of solution (46, 47) was simpli-
fied and generalized. The theory yields cross-
correlations of the magnetization with arbitrary
powers of the excitation. These are neither
restricted to equal relaxation times nor to a
rotating coordinate frame.

The Bloch kernels exhibit different longitudi-
nal and transverse saturation rates as well as a
phase shift of the y-component of the response
and a frequency shift of the resonance frequency
from the Larmor frequency. Within the validity
range of the Bloch equations, however, phase
and frequency shifts are insignificantly small
and the resulting multi-dimensional spectra
exhibit the same lineshapes (eqn. 7) as derived
by time-dependent perturbation theory (19, 53).

A response to odd order products in the exci-
tation arises only in transverse magnetization,
while a response to even order products results
in longitudinal magnetization. This general fea-
ture is a consequence of the rotational symmetry
of the problem: the transverse magnetization is
proportional to the sine of the excitation flip
angle and the longitudinal magnetization is pro-
portional to the cosine. Either function expands
into only odd or even powers of the excitation.
Thus the first nonlinear response in stochastic
NMR arises in third order.

The theory of stochastic NMR is based on
Gaussian white noise input with unit spectral
density. The input amplitude is traditionally
denoted by a (not to be confused with the delays
in Figure 4). Because of the normalization of the
input, cr has the physical dimension of Hz*. It is
approximately related to the root mean square
(rms) flip angle « r m s of a random sequence of
pulses by

(10)

where At is the pulse spacing.
The variance of the transverse magnetization

is a function of the excitation amplitude cr and of
the relaxation times (46, 47). There exists an
optimum excitation value a

Opt> for which the
transverse response is maximal. The maximum
peak height in the fist-order Bloch spectrum is
reached for a value of o just below aQ t , that in

the third-order spectrum for a value just above
uopt (51> 53). Since the maxima are rather
broad, peak heights for ID and 3D spectra as
well as sensitivity are optimized simultaneously
in the response maximum.

The validity of solution of the stochastic
Bloch equations is confirmed by a numerical
simulation of a 2D cross-section through the
symmetric third-order spectrum (53). Different
ID cross-sections through the asymmetric
third-order spectrum can be employed for the
determination of longitudinal and transverse
relaxation rates independent of magnetic field
inhomogeneity. Other ID cross-sections exhibit
peaks at the line positions of the conventional ID
spectra but with saturation dependent line-
widths, which, compared to the widths in single
pulse response spectra, can be narrower by a
factor of down to 0.66 in the response maximum
(53).

The stochastic density matrix equation of
motion was solved by the same method devel-
oped for the Bloch equations (55). The intricate
path of solution will not be repeated, but the
results of the multi-dimensional cross-correla-
tions are rather simple. They admit a pictorial
interpretation in terms of a pseudo-pulse experi-
ment, which is exemplified below with the third-
order response.

A. Interpretation of Kernels

The n'th order triangular Wiener kernel of
the density matrix equation of motion is (55)

h n ( r , > - > r n ) =
(ID

The result is general, but the notation will be
explained with respect to NMR. The operator C is
the effective Liouvillean

C = -i/f,D- + E. (12)

Hg is the commutator with the Hamiltonian of
the unperturbed system. The imaginary term
defines the energy levels and accounts for cross-
peaks in nonlinear spectra, which are based for
instance on the indirect coupling interaction. The
real terms determine the lineshape of the linear
spectrum and may also give rise to cross-peaks
in higher order spectra, f is the relaxation
matrix and E accounts for chemical exchange.
The term quadratic in the excitation amplitude cr
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